In active microrheology, a probe particle is driven by an external force through a complex medium and its motion studied in order to infer properties of the embedding material. It is conducted in two limiting forms: either the probe is propelled by a fixed force, as with magnetic tweezers, or it is driven at a fixed velocity, as with optical tweezers. Recent work has shown that the mean probe motion can be interpreted as an effective material viscosity, but that this viscosity depends on whether the fixed-force or fixed-velocity mode is employed. We compute the effective viscosity probed by fixed-velocity active microrheology of a dilute colloidal dispersion. A comparison is made between this new result and the effective viscosity probed in the fixed-force mode. In the absence of hydrodynamic interactions, the particle-phase contributions to the effective viscosity for the two modes differ by exactly a factor of two. A simple scaling argument has been previously advanced to rationalize this difference: in the fixed-force mode, the probe is free to diffuse, and thus the relaxation time scale is set by the relative diffusivity between probe and bath. However, in the fixed-velocity mode, thermal motion of the probe particle is "frozen out" because the probe cannot diffuse; the relaxation rate is thus halved. The ratio of the two rates is independent of how quickly the probe particle is driven through the suspension-the extent and shape of microstructural deformation is the same for the two cases. In contrast, when the suspended particles interact hydrodynamically, the distortions to the suspension microstructure in the fixed-velocity versus fixed-force modes differ. We show that, depending on the strength of the hydrodynamic interactions, the ratio of the fixed-velocity to the fixed-force microstructural contributions to the effective viscosity may be as small as 1.3, and only approaches 2.0 when hydrodynamic interactions among the particles are negligibly weak. While this ratio varies both as a function of the strength of the deformation imposed and of the strength of hydrodynamic interactions, the fixed-velocity effective viscosity agrees qualitatively with that already measured for the fixed-force mode: the colloidal dispersion thins in the limit of weak hydrodynamic interactions; and it first thins and then thickens in the limit of strong hydrodynamic interactions, as the strength of deformation increases, recovering characteristics of shear-(force-) thinning and thickening well known in colloidal dispersions. The agreement between the two, and with traditional macrorheological approaches, shows that both fixed-force and fixed-velocity provide a useful tool for the interrogation of complex fluids. C 2013 AIP Publishing LLC.
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I. INTRODUCTION
While much of modern particle-tracking microrheology began with work in the late 1990s, 1-3 its origins can be traced back much earlier, to the work of Einstein, 4 Sutherland, 5 and Perrin. anno mirabilis, Einstein (and independently, Sutherland) predicted that the statistics of the Brownian movement of microscopic particles suspended in a solvent are related directly to material properties such as the temperature, T, solvent viscosity, η, and the radius a of the immersed particle. The result was a simple yet profound connection between the familiar macroscopic world-the ideal gas constant, R-and the then-emerging atomic reality-Avagadro's number, N A . The result was the Stokes-Einstein-Sutherland relation, D = kT/(6πηa), which predicts the rate at which a suspended microscopic particle will diffuse, where k = R/N A is Boltzmann's constant. Perrin's measurement of the diffusion coefficients of μm-sized spherules of gamboge in water and glycerol-the viscosities of which were known a priori-confirmed Einstein's theory and gave the definitive value for Avagadro's number. 6 The measurement of N A via "microrheology" as well as contemporaneous measurements of critical opalescence, the blueness of the sky, lateral diffusion of light in gases, the theory of blackbody radiation, the theory of elementary charges and theories of radioactivity provided formidable evidence for the atomic nature of matter. 7 This remains perhaps the most important contribution of condensed soft-matter research to science.
A perhaps equally powerful outcome of the Stokes-Einstein-Sutherland relation is that one may infer the viscosity of a Newtonian fluid simply by observing the diffusive motion of a tracer particle through the material. But microrheology is not limited to the interrogation of Newtonian fluids. It has been established in theory and experiment that the thermal motion of a colloidal tracer through a viscoelastic material reveals its linear viscoelastic character. 1-3, 8, 9 In such passive microrheology experiments, the mean-squared displacement of a diffusing probe particle | r(t)| 2 is proportional to the linear viscoelastic creep compliance of the material in which it is immersed, J(t). For a spherical particle this relationship is
The hydrodynamic radius of the probe, a h , is defined as the distance from the particle's center at which a no-slip condition applies. In a Newtonian fluid with viscosity η, the creep compliance is linear in time, J(t) = t/η, and the Stokes-Einstein-Sutherland diffusivity is recovered exactly, | r(t)| 2 /(2t) = 3D. It has been noted that the creep compliance thus obtained may not be the same as the macroscopic, viscometric creep compliance. Differences arise when the probe particle selectively interacts with the immersing material or is not large enough relative to the characteristic microstructural length scale of the immersing fluid. 10 In such cases, however, the diffusive motion of the probe is still indicative of the linear viscoelastic character of the immersing medium, but on a microscopic rather than macroscopic scale. Two-point microrheology, in which the motion of two tracers is tracked and correlations in their motion analyzed, enables inference of material properties over length scales larger than the probe radius. [11] [12] [13] To study the behavior of materials driven out of equilibrium, a colloidal "probe" may be actively driven through the medium by an externally applied force. In this so-called "active" microrheology, a constant or oscillatory force is applied to the probe (e.g., via magnetic fields or laser tweezers) imparting to it a non-zero average velocity. If driven by a fixed external force, the embedding material will slow the probe's motion. This speed reduction may be interpreted via application of Stokes' drag law.
14 Although the external force is fixed, probe velocity will fluctuate. Its average speed defines the effective viscosity, η eff , of the medium
where F ext is the magnitude of the force driving the probe particle, U 1 is the speed of the probe particle, and the angle brackets · indicate an ensemble average over many experimental realizations. Although the external driving force is fixed, the probe is free to diffuse. When the external force is no stronger than the thermal force exerted by the embedding medium, it is natural to expect that the response is indistinguishable from passive diffusion of the probe. That is, the effective viscosity is given by the long-time limit of the creep compliance, η eff = t/J(t) as t → ∞. Steady, active microrheology recovers the linear or diffusive response of the material in the limit of a weak, fixed external force. 15 This fixed-force driving is analogous to what might be realized by experiments in which a paramagnetic colloidal probe is driven by a uniform magnetic field gradient. Alternatively, a probe particle may be driven with a fixed-velocity U 1 through the suspending medium. This mode can be realized in an experiment utilizing optical tweezers in which the suspending medium is made to flow past the optically trapped probe particle at a fixed rate. 17 In contrast to the fixed-force case, the externally applied force must fluctuate to maintain the fixed velocity. In this case, the probe cannot diffuse. The effective viscosity is then defined as η eff = F ext /(6π a h U 1 ). As one might suspect, an exact comparison between active and passive microrheology in the fixed-velocity mode is limited to the case of a very large probe. This can be understood when one realizes that the thermal motion of a large probe is small-it is simply too big to diffuse.
In practice, an ideally fixed velocity or force is an approximation which can be made quite accurate by a careful accounting of the details of probe constraint. With optical tweezers, for example, the external force exerted on the probe is linear in its displacement from the focus of the laser generating the trap. 18 The mean-squared displacement of the probe from the focus is constant at long times (i.e., the probe does not have a long-time diffusivity) and is inversely proportional to the Hookean stiffness of the trap. 19 These themes have been explored previously by the theoretical studies of Squires and Brady, who studied the active microrheology of a dilute suspension of colloidal particles under both the fixed-force and fixed-velocity modes.
14 For brevity, we shall denote these two modes as F and V, respectively. They found that the ratio of the effective viscosities (less a contribution due to the solvent) depends on the ratio of bath-to probe-particle radius
Here, the subscripts h indicate that the relevant length scale is the hydrodynamic radius of the particles, where the no-slip condition between the fluid and the particles is satisfied. When the probe particle is much larger than the bath particles, a h /b h 1, the second term vanishes and there is no difference between the viscosity measured via the two modes-in both cases the relative diffusivity is dominated by the contribution made by the bath particles. However, when the probe and bath particles have the same hydrodynamic radius, the ratio differs by a factor of two. In this case, the thermal motion of the fixed-force probe particle doubles the rate at which any distortion to the structure of the dispersion may relax. In the other extreme limit, a small probe: a h /b h 1, the fixed-force probe diffuses so quickly that it makes no meaningful distortion to the microstructure. The small fixed-velocity probe cannot diffuse around the bath particles and must push them out of its way. But in the case of a dilute dispersion, the product of the diverging ratio b h /a h with the bath-particle volume fraction φ b = 4π b 3 n b /3 is small: (b h /a h )φ b 1, and the ratio remains finite. 15 Motivated by these findings, here we explore the active microrheology of dilute colloidal dispersions with a full accounting of the hydrodynamic interactions between particles. Khair and Brady 20, 21 performed calculations for mode F including such interactions. In the present study, we examine active microrheology for a fixed-velocity probe, mode V. Hydrodynamic interactions have a significant quantitative impact on the V-to-F viscosity ratio. We find the factor of two for the case a h = b h noted above is valid only in the absence of hydrodynamic interactions. When the particles do interact hydrodynamically, the ratio is smaller, exhibiting a minimum value of 1.33 in the "full hydrodynamics" limit. In this limit, a potentially diverging hydrodynamic force between probe and bath particles dominates the near-contact dynamics. We show that flow-induced microstructural deformations differ in the V and F scenarios, leading to a dependence of the V-to-F ratio on flow strength. Although these findings demonstrate that the ratio varies with the strength of both flow and of hydrodynamic interactions, we find that the fixed-velocity effective viscosity has all the same qualitative features of the fixed force one. Namely, as the suspension is driven farther from equilibrium, the effective viscosity may thin to a terminal Newtonian plateau, or first thin and then thicken. As with macrorheology, the features of the flow curve depend on the strength of hydrodynamic interactions among the colloids. As found in previous work, 14, 15, 21, 22 the flow curves measured via active microrheology recover all the important and relevant physics obtained via traditional macroscopic approaches.
The remainder of this article is organized as follows. Section II A presents the model system, comprising colloidal particles in a Newtonian solvent. The excluded-annulus model is introduced as a method to vary continuously the strength of fluid-mediated interactions between the probe and bath particles. In Secs. II B and II C, the pair-Smoluchowski equation governing the statistical distribution of bath particles around the probe is derived, along with the average external force required to propel a probe at fixed velocity through the dispersion. The solution to the Smoluchowski equation is presented next in Sec. III, and is utilized to compute the fixed-velocity effective viscosity for a range of imposed probe speeds and strengths of hydrodynamic interactions. Results are discussed in the asymptotic limits of two key parameters: weak versus strong probe forcing, and weak versus strong hydrodynamics. These are presented alongside numerical solutions for the full range of forcing and strength of hydrodynamic interactions. Direct comparison to the fixed-force effective viscosity is made, where we show that the effective viscosity as measured by fixed-force and fixed-velocity probing of colloidal dispersions never differ by more than a factor of 2 nor less than a factor of 1.33. Because the value of one bounds the other, it is concluded that both are equally suitable descriptions of the nonlinear viscoelastic properties of a colloidal dispersion. Experimental considerations are presented in Sec. IV, and the study is concluded with a discussion in Sec. V.
II. BACKGROUND

A. The excluded annulus model
This microrheology model comprises a Brownian probe particle amid a dispersion of spherical colloids, neutrally buoyant, and with hydrodynamic radius a h , suspended in a Newtonian solvent of viscosity η and density ρ. In the dilute limit treated here, interactions between the probe and a single bath particle determine the suspension rheology (cf. Figure 1) . The probe is driven by an external force through the suspension, setting particles and fluid into motion. Due to the microscopic scale of the particles, the Reynolds number is small, Re = ρU 1 a h /η 1, where U 1 is the characteristic probe speed, so fluid inertia can be neglected. The flow of fluid through the suspension is thus governed by the Stokes equations. As the probe moves through the bath, it drives the suspension out of equilibrium. At the same time, the Brownian motion of the bath particles acts to restore the equilibrium configuration of the suspension. This entropic restoring force acts against probe motion. In addition to non-conservative hydrodynamic forces, the suspended particles may interact via other conservative, colloidal-scale forces, for instance electrostatic repulsion or dispersion-driven attraction. Here, we treat the particles as hydrodynamically interacting hard spheres with a hard-core radius a which is different from their hydrodynamic radius.
This inter-particle potential can be characterized via the excluded annulus model, 23, 24 in which the ratio of the hard-core and hydrodynamic radii, λ ≡ a/a h , varies continuously between two limiting r a h a U 1 θ FIG. 1. A probe particle driven at velocity U 1 and a bath particle that is force free. Both have the same hydrodynamic radius, a h and interact via hard-sphere repulsion when the separation between their centers is 2a.
cases: λ → ∞ in which the hydrodynamic interactions among the particles may be neglected entirely, and λ = 1, in which contact between the particle hard-cores is prevented by a thin layer of fluid between the particles. Using this same approach, Khair and Brady 21 studied the steady, fixed-force (F) microrheology of colloidal dispersions over a continuous range of λ. They found that when λ ≈ 1, the hydrodynamic interactions between the bath and probe particle give rise to the microrheological analogue of the shear thickening observed in macroscopically sheared colloidal dispersions. Generically, this shear (or force) thickening arises under conditions of strong flow due to the microstructural distortions associated with hydrodynamic lubrication. This can be understood in the following way: The hydrodynamic contribution to the stress (force on the probe) is proportional to the rate of strain (velocity of the probe) and is linear in the degree of microstructural distortion. That is, ∼γ
, where α describes the power-law dependence of the microstructural distortion on the imposed flow. 20, 25 Thus, the material is non-Newtonian if α = 0 and thickening if α > 0 as observed in experiment, theory and simulation. 24, [26] [27] [28] This behavior is altered when hydrodynamic lubrication is screened by interparticle repulsion.
B. The particle microstructure
In the dilute limit, the mechanics of a colloidal dispersion may be represented by the interactions of just two particles with centers at x 1 and x 2 whose steady-state, spatial, statistical distribution, P 2 (x 1 , x 2 ), is governed by the steady pair-Smoluchowski equation
where j 1 and j 2 are the flux of particle 1, the probe, and particle 2, a bath particle, due to external, inter-particle, and Brownian forces. The gradients ∇ 1 and ∇ 2 are taken with respect to the position of the probe and the bath particle, respectively. In the present case, the particles interact via a hardsphere repulsive potential and particle 1 (the probe) is driven by an external force F ext . Brownian motion also induces a flux of particles. The fluxes of particles 1 and 2 are then written
and
Here, D αβ is the diffusion tensor coupling the force on particle β to the motion of particle α via hydrodynamic interactions. These diffusion tensors for a pair of particles are related by a factor of kT to the familiar hydrodynamic mobility for a particle pair 29, 30 and depend only on the inter-particle spacing. This suggests a coordinate transformation: r ≡ x 2 − x 1 , z ≡ x 1 , which gives
Integrating over all possible positions z of the probe while holding r fixed gives an equation governing the conditional probability P 1|1 (r|z) of finding the probe and a bath particle separated by r. The conditional probability is linearly proportional to the pair distribution function of bath particles surrounding the probe and, for a homogeneous dispersion, P 1|1 (r|z) = ng(r), where n is the number density of bath particles. The Smoluchowski equation thus becomes
The relative particle flux has both advective and diffusive contributions. We may denote the relative diffusivity between the probe and a bath particle as The boundary conditions associated with this equation are zero relative-flux at particle contact,
and no long-range order, g(r → ∞) = 1. Here,r = r/r is the unit vector normal to the contact surface between a pair of particles. In consequence the pair Smoluchowski equation simplifies to give
C. The microviscosity with constant probe velocity
As noted in the Introduction, in active microrheology the suspension viscosity is inferred from the probe velocity via Stokes' drag law. In the case of a fixed probe velocity, U 1 = U 1Û1 where U 1 is the probe speed, andÛ 1 is a unit vector in the direction of imposed probe velocity. Because probe velocity is constrained, the external force acting on the probe must fluctuate as the probe interacts with the bath particles. The external force is determined by solving Eq. (5) describing the flux of the probe particle for F ext in terms of U 1 ,
Substitution of this expression into the pair-Smoluchowski equation (11) yields the form
with boundary conditions as before: g(r ) = 1 as r → ∞ and the no-flux condition at inter-particle contactr
where the velocity of the probe relative to the bath U is defined by
and the diffusion tensor D is defined as
Here, G(r/a h ) and H(r/a h ) are the familiar scalar hydrodynamic functions corresponding to components of the normalized relative diffusion tensor 3πηa h D r /(kT ) along and perpendicular to the line of centersr, respectively. Similarly, A 11 (r/a h ) and B 11 (r/a h ) are the components of the normalized diffusion tensor 6πηa h D 11 /(kT ) along and perpendicular to the same line. 29, 30 These functions depend only on the separation between the particle centers, normalized by the hydrodynamic radius.
Because the effective viscosity in V mode is given by η eff = F ext /(6πη a U 1 ), the key quantity to measure in fixed-velocity microrheology is the average external force applied to the probe, F ext . From Eq. (12), the average probe force is The effective viscosity is thus defined as
, that is,
The first term (proportional toÛ 1Û1 ) in the integral reflects the direct effect of hydrodynamic interactions among the particles on the viscous resistance to probe motion. But conservative forces also play a role. These are represented by the second term in the integral and specify the additional viscous resistance due to the Brownian motion of the bath particles and the hard-sphere interactions between probe and bath. Hydrodynamics also play an indirect role in probe motion: they influence the arrangement of the particles, g(r), which weights the integral. The Smoluchowski equation (13) can be simplified via scaling analysis. The separation between the particles is made dimensionless on the hard-core radius, a, where the no-flux condition applies; the velocity scale is set by the probe velocity, U 1 and the diffusive scaling by its value at infinite separation, D = kT/(6πηa h ). A dimensionless force emerges from the scaling: Pe = U 1 a/D = 6πηa h aU 1 /(kT), the Péclet number, which characterizes the strength of the forces deforming the microstructure, 6πηa h U 1 -where the advective force depends on the hydrodynamic radius-relative to the thermal forces on the particles, kT/a.
We are free to write the pair-distribution function as a sum of its equilibrium value plus the displacement f (r) of the microstructure from its equilibrium configuration. That is, for r ≥ 2 we write g(r) = 1 + Pe f (r). For r < 2, g(r) = 0 since the particles are impenetrable. When made dimensionless in this way, the Smoluchowski equation becomes
with f = 0 as r → ∞ and no relative flux at inter-particle contact, r = 2,
Applying the same normalization to the effective viscosity we find that it can be decomposed as
where η ∞ (following the notation of Brady 31 ) is the viscous resistance generated by the bath particles given their equilibrium configuration. The non-equilibrium contributions η H , η B , and η P characterize the hydrodynamic, Brownian and hard-sphere forces exerted on the probe by the deformed suspension microstructure. We are careful to emphasize that the hydrodynamic contribution has both equilibrium (η ∞ ) and non-equilibrium ( η H ) components. Simplification of Eq. (18) yields the following expressions for the four components in (21):
where φ = 4π a 3 n/3 is the volume fraction of the bath particles based on the hard-core radius and W (r ) is a scalar hydrodynamic function which is proportional to the divergence of the relative velocity between the probe and bath particles: ∇ r · U/(r ·Û 1 ). In the fixed-force case, Khair and Brady 21 find a similar contribution that describes the drift velocity between a pair of particles. Although the probe does not diffuse in the fixed-velocity case, the bath particles are free to drift to regions of higher mobility. This drift results in a force that acts on the probe and resists its motion. Note that as r → ∞, A 11 (λr) − 1, B 11 (λr) − 1, and W (r ) scale as (λr) −4 so that the integrals in Eqs. (22a)-(22d) are absolutely convergent. While the quantity η ∞ is independent of the microstructural perturbation, η H , η B , and η P depend linearly on f (r). The latter three contributions to probe motion produce the dominant effect in concentrated suspensions, and are the only source of non-Newtonian behavior. They are thus the most interesting physically but require determination of the microstructural deformation. 21, 32, 33 The governing equations for the microstructural distortion (Eqs. (13) and (14)) in spherical polar coordinates are
with f → 0 as r → ∞ and boundary condition at r = 2,
Here, θ =r ·Û 1 is the polar angle as defined in Figure 1 . The microstructural deformation is symmetric about the axis of the probe velocity and so gradients in the azimuthal angle are zero. For compactness, we have defined the orthogonal components of U and D in Eqs. (15) and (16) as (λr ) .
We solve the partial differential Eq. (24) numerically utilizing a finite differences method as described in Appendix A. These numerical solutions are then used to compute η H , η B , and η P .
III. RESULTS
In this section, the solution of the Smoluchowski equation in three regimes is presented: the limits of weak and strong forcing, Pe 1 and Pe 1, respectively, and for arbitrary Pe. The asymptotic limits are obtained analytically as described in Secs. III A and III C, while the solution for arbitrary Pe is obtained numerically and is presented in Sec. III B.
A. A slowly moving probe, Pe 1
The limit of small Péclet number describes a probe that translates slowly relative to the characteristic diffusive velocity, kT/(6πηa h a). The microstructural disturbance created by the probe's motion is easily healed by the Brownian motion of the bath particles. In this linear-response regime, the microstructural perturbation must be linear in the probe velocity and acquires a dipolar shape: f (r) =Û 1 ·r h(r ). Here, h(r) is strictly a function of the radial coordinate and satisfies the equations
with h(r) → 0 as r → ∞ and at r = 2,
In the limit of negligible hydrodynamic interactions, λ → ∞, this has the solution h(r) = 4r
(recovering the result of Squires and Brady 14 ). When hydrodynamic interactions play a role, i.e., for finite values of λ, a numerical solution is necessary.
Returning to Eqs. (22a)-(22d), we see that the out-of-equilibrium contribution to the effective viscosity due to hydrodynamic interactions, η H , is O(Pe). This is small relative to the other contributions which are O(1). The effective viscosity in the limit of small Péclet number is therefore dominated by η ∞ (which is insensitive to the microstructural perturbation), and by η B and η P . The latter two arise because the microstructure has been driven from its equilibrium configuration. Both result from forces which act to make uniform the distribution of bath particles. The Brownian contribution vanishes in the limit of no hydrodynamic interactions, λ → ∞. In this hard-sphere limit, the particles cannot interpenetrate, and η P = 4ηφ. In the opposite extreme in which particles experience full hydrodynamic interactions, λ → 1, lubrication forces prevent particle contact and η P → 0. In this regime, the thermal motion of the bath particles results in their Brownian drift to a region of higher mobility. This deterministic motion of bath particles exerts a resistive force on the probe, and η B ≈ 0.47ηφ. Both η B and η P are entropic in origin. However, because η B is generated by Brownian drift, this effect is strongest when λ → 1. In contrast, η P stems from the enormous entropic penalty for particle overlap, and when λ → ∞, this effect dominates. That is, as λ grows, the excluded volume occupied by the particle grows and drives the transition from Brownian to interparticle resistance.
The effect on the viscosity is plotted in Figure 2 , for the weakest possible probe disturbance, Pe → 0. The portion above and beyond that due to the solvent, η eff − η, is shown by the filled black circles, and is plotted over eight decades of the strength of hydrodynamic interactions, 10 −4 ≤ (λ − 1) ≤ 10 4 . To scale out the effect of concentration, the viscosity difference has been normalized on the volume fraction of bath particles, φ and on the solvent viscosity η. As seen in the figure, (η eff − η)/(φη) = 2.4 for λ = 1, and (η eff − η)/(φη) = 4.0 in the limit of no hydrodynamic interactions.
As previously observed for fixed-force microrheology, the quantity η eff − η exhibits a minimum as a function of λ in the low-Pe limit. This minimum may be attributed to the competition between non-conservative (hydrodynamic) and conservative (entropic) forces. On the one hand, in the λ → 1 limit, the effective viscosity beyond the solvent contribution is dominated by the O(φ) piece of the high-frequency viscosity, η ∞ , which itself decreases in magnitude as λ −4 . This is due strictly   FIG. 2 . Elements of the effective viscosity, denoted η/(φη) and as shown in the legend, in the limit of weak deformation, Pe 1, plotted as a function of the ratio of thermodynamic to hydrodynamic radius, λ − 1. Light grey circles ( ) represent the contribution to viscosity due simply to the presence of the particles in their equilibrium configuration-a consequence of their no-slip surfaces. Open black circles ( ) correspond to the non-equilibrium contribution to the effective viscosity, including the hydrodynamic, interparticle, and Brownian viscosity arising due to the deformed microstructure. Filled circles (•) give the total particle contribution to the effective viscosity-above and beyond the solvent viscosity-due both to the presence of the particles and the effect of the non-equilibrium distortion in the microstructure.
to the scaling of the hydrodynamic functions A 11 (λr) and B 11 (λr).
The light grey open circles show that this contribution decreases monotonically as the strength of hydrodynamics decreases. On the other hand, decreasing importance of hydrodynamic interactions gives rise to the transition from Brownian to hard-sphere resistance as discussed above. This contribution is highlighted by subtracting the contribution due to the equilibrium particle configuration, η ∞ , from the effective viscosity (the heavy black circles in the figure) . This reveals a monotonic increase as hydrodynamic interactions become weaker. The combination of these effects, decaying η ∞ and growing η B + η P , necessitates a minimum. For fixed-force microrheology that minimum was found 21 to occur near λ = 1.7. For fixed-velocity microrheology, we find that this minimum occurs near λ = 1.4.
Because the hydrodynamic functions are different for fixed-force and fixed-velocity modes, such a quantitative difference, however small, is anticipated. There is a small qualitative difference as well. Khair and Brady, 21 for fixed force, found that the effective viscosity is smaller in the absence of hydrodynamic interactions than for strong hydrodynamic interactions. For fixed velocity, we find the opposite. In the absence of hydrodynamic interactions, the effective viscosity is larger than when the hydrodynamic interactions are strong. In the fixed-velocity mode, there is a greater resistance associated with the probe's excluded volume precisely because the probe's trajectory through the bath is fixed.
In the absence of hydrodynamic interactions, one expects a factor of two difference in (η eff − η ∞ ) for F versus V.
14 Indeed we find that to be the case. As shown in Sec. III D, the ratio (η eff − η ∞ ) | V / (η eff − η ∞ ) | F is nearly two regardless of the value of λ. In comparing the effective viscosities, η eff , directly, however, we find that there is no such heuristic. In fact, for both fixed-force and fixed-velocity cases, η ∞ − η differ by only a few percent for all values of λ. The difference derives from the hydrodynamic functions and their dependence on the mode of forcing-they are independent of thermal motion. Thus the combination η ∞ + η B + η P may exhibit qualitative differences as λ is varied.
B. A probe moving with arbitrary speed
For a probe particle translating with an arbitrary (fixed) velocity, the Smoluchowski equation for the microstructural perturbation is solved numerically. We compute its solution over six decades of the Péclet number and seven decades of the ratio of the thermodynamic and hydrodynamic radius. The results are then employed to determine the effective viscosity. To reveal the effect of the distorted microstructure on the effective viscosity more clearly, we remove the equilibrium contribution, η ∞ . Prior studies 34, 35 of dilute colloidal dispersions suggest that this quantity, when scaled by its low-Pe
may be independent of the particle concentration and should allow for direct comparison of this dilute-limit calculation to experimental studies of more concentrated dispersions. The dependence of this viscosity difference on the strength of hydrodynamic interactions is depicted in Figure 3 . Several familiar trends are evident. A Newtonian plateau at low Pe exists for all values of λ. When the Péclet number increases, the plateau gives way to the thinning behavior characteristic of colloidal dispersions. As expected, the onset of this thinning behavior occurs when the rate of Brownian motion is no longer faster than the rate of advection-near Pe ≈ 1. In the absence of hydrodynamic interactions, the thinning continues until a Newtonian plateau is reached at high Pe. With stronger hydrodynamic interactions, λ < 2, the thinning gives way to thickening near Pe ≈ 5. The transition from thinning to thickening shifts to slightly lower Péclet numbers as λ decreases.
The transition from weak to strong hydrodynamic interactions reveals interesting behavior, as can be seen by carefully following the legend symbols in Figure 3 . At large Pe, the normalized effective viscosity is not monotonic in λ−1 for a given value of Pe. The suspension appears to "over-thin" for λ = 2 such that the deformation-dependent contribution to the effective viscosity, normalized by its zero-Pe value, is smaller than previously predicted values 14 for the hard-sphere limit, λ → ∞. In a relative sense, a suspension with λ = 2 can be less viscous than a suspension of purely hard spheres. Recall that in Sec. III A, we demonstrated that (η eff − η ∞ ) | Pe→0 has a minimum near λ = 2. Thus, this surprising result can be understood as reflecting the delicate interplay between hydrodynamic interactions and hard-sphere repulsion.
To visualize the micro-mechanical origin of this behavior, contour plots of the microstructure are presented in Figure 4 for six values of the Péclet number, with Pe increasing from left to right in the figure. Both forcing regimes are represented, fixed-force and fixed-velocity, denoted as F and V, respectively, in the three rows of the figure. The top row depicts the microstructural perturbation f (r) in the absence of hydrodynamic interactions, λ → ∞, for which V and F possess identical structures. The second and third rows reflect strong hydrodynamic interactions, λ = 1, for F and V, respectively. The volume excluded by the probe is shown in black, and the probe moves from left to right. Mid-grey (red) regions indicate a concentration of bath particles above the equilibrium number density n, and darkest grey (blue) signifies a depletion relative to n. Lightest grey (green) represents the equilibrium number density. Near equilibrium, Pe 1, a dipolar structure is evident. As the strength of the imposed external force or probe velocity increases, this dipolar symmetry is broken. The downstream, depletion region of the dipole (shown in blue) shrinks in volume and becomes a distinctive, particle-poor wake that trails the probe. The upstream accumulation region of the dipole (shown in red) compresses and forms a particle-rich boundary layer. While the concentration of bath particles in the wake can never be smaller than zero, the concentration in the boundary layer is unbounded. The boundary layer becomes both thinner and more concentrated as the Péclet number grows.
Hydrodynamic interactions have a pronounced effect on distortions in the non-equilibrium microstructure. Because hydrodynamic lubrication reduces both the relative rates of advection and diffusion to zero near inter-particle contact, the boundary layer that forms at high Péclet number is noticeably more diffuse for λ = 1 than λ → ∞. It has been shown 14 that without hydrodynamic interactions, the thickness of the boundary layer scales as Pe −1 , while the concentration of bath particles within scales as Pe. But here we see that in the presence of strong hydrodynamic interactions, λ = 1, the concentration of particles inside the boundary layer is smaller, which mirrors the weaker gradients near contact. For fixed-force microrheology, the particle concentration inside the boundary layer is anticipated 21 to scale as Pe 0.799 , while for fixed-velocity microrheology, we show that g ∼ Pe 0.825 (cf. Sec. III C). At Pe = 50, for example, this leads to a 15% difference in the boundarylayer concentration, which is evident in the figure. Namely, the boundary layer in the F mode appears more diffuse than the V mode.
The structure of the wake is also altered by the strength of hydrodynamic interactions and the mode of probe motion at Pe. Without hydrodynamic interactions (top row in Figure 4) , the boundary layer separates from the probe near θ ≈ ±90
• (relative to the direction of probe motion). With hydrodynamic interactions, however, the separation points reside farther down the trailing side the probe. For Pe = 50, the separation points are nearly identical, at θ ≈ 132
• and θ ≈ 228
• , for both F and V. However, the angle of the separation streamlines (relative to the probe) is noticeably smaller for V, and is accompanied by a narrower wake. This has an important consequence for the rheology, as the hydrodynamic contribution to the effective viscosity depends foremost on the total number of particles near the probe and not directly on microstructural asymmetry. When forcing becomes stronger, the boundary layer remains attached longer, wrapping around the probe into the downstream region. This effect is more pronounced in the fixed-velocity case. Therefore, one expects a faster rate of thickening with fixed velocity. We show in Secs. III C and III D that this is indeed the case. In the limit of strong forcing, the effective viscosity for the fixed-velocity mode converges to its infinite-Pe limit more quickly than for fixed-force. In contrast to the case of negligible hydrodynamic interactions in which the difference between F and V depends simply on the time scale of relative diffusion between probe and bath, we show that details of the microstructure itself play an important role in setting the ratio between the F and V effective viscosities, when λ = 1.
C. A quickly moving probe, Pe
1 with λ = 1
In the limit of strong probe forcing, advection dominates the microstructural deformation. To leading order the governing equation for the pair distribution function can be written
with boundary conditions g ∼ 1 as r → ∞ andr · (U g) = 0 at r = 2. This admits the solution
which is valid everywhere, satisfying the boundary condition at contact and in the far field when Pe viscosity due to the perturbed microstructure is
In contrast, η B and η P are O(Pe −1 ). Thus, the effective viscosity exhibits a Newtonian plateau at high Péclet number,
This Newtonian plateau is higher than that for a slowly moving probe, shown above to be (η eff − η ∞ ) Pe→0 ≈ 0.460φη. That is, the colloidal dispersion thickens as the rate of motion of the probe particle increases. We are interested not just in the plateau value of the microstructure at infinite Pe, but also in how this limit is approached-that is, in the scaling with respect to Pe of the thickening behavior. Scaling analysis of Eq. (19) indicates that in a region of thickness Pe −1 next to the probe, the effects of diffusion must be present to preserve the no-flux condition at contact. Inside this boundary layer, a coordinate rescaling y = Pe(r − 2) ∼ O(1) preserves the diffusive term. Following the approach of Morris and Brady 25 and Khair and Brady, 21 we write the governing equation for g in spherical coordinates in terms of the inner variable y, so that, to leading order
and a no-flux condition at contact, y∂g/∂y = 0 at y = 0. The far-field matching condition to the outer region is
The mobility functions have been expanded about contact, r = 2,
Values for these coefficients can be determined from the well-known lubrication expansions, 36 and are as follows:G 1 ≈ 2.58,H 0 = 0.451, and W 0 = 2.129. The analogous expansions forĜ(r ) and H (r ) give the leading-order termsĜ 1 = 4, andĤ 0 = 0.623. A similarity solution to Eq. (32) is a natural choice due to the lack of explicit length scale in the boundary-layer equations. The solution is a superposition of two confluent hypergeometric functions, the Kummer and Tricomi functions, M(m, n, z) and U(m, n, z). 37 (Details of the derivation may be found in Appendix B.) From this and application of the boundary conditions we obtain the scaling of the perturbed microstructure at contact. In the constant-velocity case,
In contrast, Khair and Brady 21 found the corresponding value for fixed-force,
Because the high-Pe plateau in viscosity is higher than that at low Pe, thickening occurs during the approach to the high-Pe limit. Such thickening arises from the non-equilibrium hydrodynamic component of the effective viscosity, η H , which is given in Sec. II C by Eq. (22b). To determine the rate of approach of the effective viscosity to its plateau value, let us examine the scaling in Pe of (22b). The integrand scales as Pe f (r) over a volume that includes only the boundary layer: dV ∼ δa 21 The factor-of-two difference between the F and V modes as seen in Figure 6 for λ → ∞ does not hold due to differences in the respective microstructures.
square of the hydrodynamic radius. Thus the scaling of the hydrodynamic viscosity with Pe f (r) dV is identical to the scaling of f itself, and
In comparison, the fixed-force case of Khair and Brady 21 gives
In the presence of hydrodynamic interactions, the suspension thickens to different high-Pe plateaus for the fixed-force versus the fixed-velocity mode. Similarly, the rate of approach to these plateaus differs. This can be seen explicitly in Figure 5 , which gives a plot of the effective viscosity as a function of Pe, in the limit of strong hydrodynamic interactions (λ = 1). This result illustrates that in the limit of weak Brownian motion, the rate at which work done on the probe is dissipated depends on whether the probe is driven with a fixed velocity or by a fixed force. Earlier work by Almog and Brenner 38 noted this difference. In their study they compared the resistance to motion of a non-Brownian probe particle through a dilute suspension of non-Brownian bath particles in both the fixed-force and fixed-velocity contexts. In their work, the fixed-velocity mode constrained both the translational and the rotational motion of the probe particle. In our approach, only the translational motion is constrained, while the probe particle is free to rotate. On average the rotation of the probe, due to Brownian torques or hydrodynamic interactions with nearby bath particles, is zero. However, this is distinct from the constraint that rotation is strictly prohibited. The freely rotating probe more closely resembles that realized experimentally by optical tweezers. Notably, Almog and Brenner 38 found that the rate of viscous dissipation for fixed-force and fixed-velocity modes with non-Brownian particles is the same when the hydrodynamic radii of the probe and bath particles are widely dissimilar-large probe and small bath particle or small probe and large bath particle. Conversely, differences between fixed-force and fixed-velocity mode measurement are apparent when the probe is of similar size to the bath particles. This non-continuum effect arises precisely because the characteristic length scale of the probe particle is commensurate with the characteristic length scale of the suspending fluid microstructure.
D. Comparison to fixed-force microrheology
Active microrheology probes the rheological character of a material in two limiting modes: fixed-force and fixed-velocity. Thus far we have seen no qualitative differences between these two modes. In both cases the microstructure evolves from a dipolar structure at low Pe to a boundary-layer and wake structure at high Pe. In both forcing regimes, the effect of hydrodynamic interactions is to soften the boundary layer and narrow the wake. The effective viscosities are compared in Figures 5  and 6 as a function of the forcing strength, Pe, for λ → ∞ and λ = 1, respectively. Both the F and V modes exhibit a low-Pe Newtonian plateau, followed by thinning. When λ = 1, for mode F (mode V), a minimum occurs near Pe = 3 (Pe = 5) where the boundary-layer structure begins to emerge. In Figure 7 , the ratio of the effective viscosities for the two modes when Pe 1 is plotted as a function of the strength of hydrodynamic interactions, λ. For both F and V modes, the nonequilibrium contribution to the effective viscosity, (η eff − η ∞ ), increases monotonically as hydrodynamic interactions become weaker and the growth in effective thermodynamic (hard-core) radius exacts an increasing entropic restriction on particle arrangements. While all the same fundamental physical mechanisms are present in the two modes, there is a quantitative difference.
Such differences may be rationalized and even predicted by considering the effect that thermal motion of the probe has on the relaxation of the microstructural deformation. Physically, the difference between the fixed-velocity and the fixed-force modes is that the fixed-velocity mode eliminates the probe's thermal motion. When a probe is large, it has little thermal motion regardless of forcing mode, so no difference between the two modes is expected. But how large is "large"? FIG. 7 . The ratio of the effective viscosity increments in fixed-velocity and fixed-force modes for Pe → 0. The ratio is less than two except as λ → ∞ and exhibits a minimum near λ = 1.3.
This question may be answered by examining the rate of microstructural relaxation. The deformation caused by probe motion will relax at rate k bath + k probe say, where k bath is characteristic of the Brownian motion of the bath particles and k probe corresponds to the thermal motion of the probe. It has been proposed (e.g., by Zia and Brady, among others) that the deformed microstructure entropically stores some of the work done by the probe on the suspension in the compressed arrangement of particles. 22, 39 The reduction in entropy corresponds to an increase in free energy, F. The contribution to the effective viscosity from this microstructural distortion is thus proportional to the change in free energy of the material, F, and is inversely proportional to the relaxation rate. In the fixed-velocity case (in which the probe cannot diffuse), this proportionality suggests that η eff ∼ F/k bath . In the fixed-force mode, where the probe is free to fluctuate, the relaxation rate of both probe and bath particles matters, k bath + k probe ; thus, the effective viscosity scales as η eff ∼ F/(k bath + k probe ). Indeed, when k probe k bath , there should be no difference between the fixed-force and fixed-velocity modes.
For example, as part of the study by Squires and Brady, 14 a dispersion of Brownian spheres is probed by a particle of exactly the same size as the bath particles. Neglecting hydrodynamic interactions between the particles, they found that for all Péclet numbers, the pair distribution function of bath particles around the probe was independent of the driving mode (when Pe = F ext a/2kT for F and Pe = 6πηa h a 2 U 1 /kT for V). Thus the relative free energy of the distorted microstructure is the same for the cases F and V. Because the probe particle is the same size as the bath particles (k probe = k bath ), the relative rate of relaxation of the microstructural deformation is twice as fast when driven by a fixed-force. In consequence, when the probe and bath particles are the same size, Squires and Brady 14 found that the contribution of the particle phase to the fixed-velocity effective viscosity was twice that of the fixed-force one (see Figure 6 ). Additionally, extension of their model to large-probe limit (k probe k bath ) renders the contributions identical. The factor of two difference predicted by their model, for equally sized probe and bath particles, assumes that the microstructural perturbation is the same regardless of the driving mode (i.e., the same F). While this is correct in the limit of negligible hydrodynamic interactions, we show next that the presence of hydrodynamic interactions gives rise to changes in the microstructure for F relative to V, which does not lead to a simple factor-of-two scaling difference.
When the probe moves with fixed velocity, the hydrodynamic interactions between it and the bath particles are fundamentally different from when the probe moves due to a fixed force. This is analogous to the difference between flow through a packed bed of particles and free sedimentation of particles. Equation (13) still describes the statistical distribution of bath particles around a probe when driven by a fixed external force, F ext = F extFext . However, the rates of relative advection and diffusion are different: (38) and
In the limit that λ → ∞, Eqs. (38) and (39) for the fixed-force advection and diffusion match Eqs. (15) and (16) for the fixed-velocity advection and diffusion. Consequently, in this limit the Smoluchowski equations for the pair distribution function are identical. However, the presence of hydrodynamic interactions will lead to distinct microstructural deformations that depend on the forcing mode.
In the fixed-force mode, one measures the average velocity of the probe particle rather than the average external force so that η eff = F ext /(6π a h U 1 ). In the dilute limit, Khair and Brady 21 showed that equations analogous to (22a)-(22d) describe the fixed-force effective viscosity 
where Pe = F ext a/(2kT) is the relevant Péclet number and
In Figure 5 , the effective viscosity increment, η eff − η ∞ , determined by Khair and Brady 21 for the F mode with λ = 1 is compared to our result for the V mode. Clearly, the ratio of fixed-velocity to fixed-force effective viscosity increment is not two when the probe and bath particle interact hydrodynamically. Indeed, this ratio decreases monotonically from approximately 1.76 when the Péclet number is small to 1.33 when the Péclet number is large.
The factor-of-two scaling is thus not recovered for hydrodynamically interacting particles in the limit of small Péclet number. Even when the forcing is weak, the governing equations for the microstructural deformation differ between the modes because the relative rates of advection and diffusion, U and D, are quite different for V and F, as demanded by the hydrodynamic mobility functions. 36 This difference is highlighted in Figure 7 , in which several zero-Péclet values of the effective viscosity increment for both V and F modes, as well as their ratio, (η eff − η ∞ ) V / (η eff − η ∞ ) F , are plotted over a range of λ. When hydrodynamic interactions are negligible, (λ → ∞), the V-to-F ratio scales as 2 − O(λ −1 ), because the leading-order difference between F and V modes in the relative diffusivity of probe and bath particle scales as (λr) −1 when hydrodynamic interactions are weak. In the limit of strong hydrodynamic interactions, the ratio is 1.76. The minimum near λ = 1.3 can be attributed to the differences in the strength of hydrodynamic interactions among the particles in the F and V modes.
The disparity between modes decreases with Pe, as shown in Figure 8 , where the ratio of the fixed-velocity to the fixed-force effective viscosity increment is plotted as a function of the Péclet number for several values of λ. For all Pe, as with small Péclet number, the viscosity ratio approaches 2 as λ −1 when λ 1. However, unlike the small Péclet-number limit, when Pe 1 the ratio grows monotonically as a function of λ from 1.33 to 2. This transition occurs as hydrodynamic interactions are weakened and direct collisions between probe and bath particles dominate the resistance.
IV. EXPERIMENTAL CONSIDERATIONS
The notion of a fixed-velocity probe is, in a sense, an idealization. On the microscopic scale how does one hold a colloidal probe perfectly still while the immersing material flows around it? Any mechanical apparatus constraining the probe's motion via direct contact will surely distort the microstructure of the embedding material and influence the measurement. 40 Optical tweezers seem a natural recourse. However, the thermal motion of the probe particle is not perfectly frozen by the tweezers-the probe is only constrained to a locus near the minimum in the trapping potential. Conceivably, the limit of fixed velocity is approached when the tweezers generate a sufficiently stiff potential.
To good approximation, the trapping potential may treated as Hookean 18 and exerts a force F trap = −κ x 1 , where x 1 is the displacement of the probe from the trap's potential minimum and κ its stiffness. To achieve a fixed velocity scenario, the trap itself may translate with velocity U 1 or may be held fixed, while the medium advects past with velocity −U 1 . Any superposition of these two is appropriate as well. When the trap is asymptotically stiff, κ → ∞, the displacement of the probe from the trap focus is asymptotically small. As a consequence, the probe position is fixed, x 1 ≈ 0, and thus the velocity of the bath relative to the probe is also fixed. Experimentally, one may wish to define a range of κ that is consistent with this "very stiff" regime. To estimate this range, let us consider the motion of a probe particle through a colloidal dispersion. To assert a fixed velocity, we require that the displacement of the probe particle from the minimum in the trapping potential is small relative to the scale of interaction between probe and bath particles, a. This condition is met when the ratio of trapping force, κa, is large relative to the advective force, 6πη eff a h U 1 , or
Additionally, fluctuations in the position of the probe particle cannot drive it too far from the focus; that is, fluctuations must also be comparatively weak,
where
The left-hand side of Eq. (43) is the stiffness of the trap relative to thermal forces; the right-hand side is the force fluctuation relative to the thermal force. That is, the trapping force must be much larger than any of the forces that would cause the probe to diffuse. Squires and Brady 14 estimated the value of the right-hand side (in the absence of hydrodynamic interactions):
√ tr a/kT ∼ Pe, for both Pe 1 and Pe 1. For optical tweezing of μm-scale probe particles, a typical range for κa 2 /kT is 10 3 − 10 6 which may set a practical limit on how hard a fixed velocity probe is driven. That is, above a certain limit of the dimensionless forcing, Pe, the fixed-velocity scenario is no longer achievable and probe diffusion will play a non-trivial role in microstructural deformation.
The theoretical idealization of truly fixed velocity can be relaxed. Squires and Brady 14 put forth the "mixed mode" framework-both velocity and force can fluctuate-in the absence of hydrodynamic interactions. Noting the dependence of the structure on the position of the probe in the optical trap, an appropriate coordinate transform is introduced and a corresponding form of the Smoluchowski equation may then be solved.
14 This, and calculation of the force fluctuations with hydrodynamic interactions are left for later work.
V. CONCLUSIONS
The effect of microrheological driving mode on structure and viscosity of dilute colloidal dispersions was studied, with an emphasis on the roles played by interparticle and hydrodynamic interactions and how their relative importance evolves with flow strength. The study was conducted from the point of view of single-particle forcing, or active microrheology, in which a single microscopic probe particle is driven by an external force through a dispersed set of colloids. This theoretical framework provides an ideal model for understanding the effect of microscopic heterogeneity on material properties, or for interrogating systems of microscopic extent. Two primary modes of deformation can be imposed: a probe driven by a constant external force, while its velocity is allowed to fluctuate, or a probe driven at fixed velocity by an external force that fluctuates. Prior theoretical studies have focused primarily on the fixed-force case, from which both the mean and fluctuating motion of the probe may be used to infer a suspension viscosity, 14, 20, 21 force-induced diffusion, 15 and normal stresses. 22 Prior work in active microrheology (and indeed macrorheology) raises the question of whether an imposed force (shear stress) and an imposed velocity (strain rate) give rise to equivalent rheological response. In their study of the active microrheology of colloidal dispersions, Squires and Brady 14 related the probe speed to an effective viscosity via application of Stokes' drag law. They considered both the fixed-force and fixed-velocity cases for dilute dispersions in the absence of hydrodynamic interactions. They note that the microstructural deformation about the probe is the same whether the probe is driven by a fixed external force (F ext ) or moves with a fixed velocity (U 1 ), where F ext = 3πηa h U 1 . Based on this assertion, when the probe and bath particles are the same size, the fixed-force effective viscosity is half that in the fixed-velocity case. This scaling argument is based on the relaxation time scale set by the relative diffusion between the probe and the bath particles. Because the fixed-velocity probe cannot diffuse, its relaxation rate relative to the bath is half that of a fixed-force probe. Brownian dynamics studies 35, 39 have shown similar scaling for more concentrated suspensions. However, this relaxation argument holds only when hydrodynamic interactions are neglected.
In an earlier study of single-particle forcing, Almog and Brenner 38 considered the motion of a non-Brownian probe particle relative to other non-Brownian particles. They also discovered that the two driving modes (fixed-force versus fixed-velocity) can recover the same effective viscosity in non-Brownian suspensions, but only if the probe is very large or very small relative to the bath particles. This non-continuum effect suggests that length scales, in addition to time scales, play an important role in the flow behavior of suspensions.
Inspired by these prior studies, we have examined the effective viscosity inferred from the motion of a Brownian probe driven through a dilute colloidal dispersion while varying the strength of hydrodynamic interactions.
Three characteristic regimes were studied here: a slowly moving probe, a quickly moving probe, and a probe translating with arbitrary speed. For small departures from equilibrium (slowly moving probe), we find that the fixed-velocity case exhibits the same physical features as the fixed-force case. Namely, as the strength of hydrodynamic interactions is decreased by increasing λ (the ratio of the thermodynamic to hydrodynamic radii), the viscosity exhibits a crossover at which the direct collisions between probe and bath particles become the dominant dissipation mechanism. It is in this direct-collision limit that the effective viscosity from fixed-velocity and fixed-force cases can be related by a simple factor of two, which recovers the results of Squires and Brady.
14 In this circumstance, the interaction potential between probe and bath particles is athermal, so that the viscosity of such a suspension is due only to the entropy lost when the equilibrium state is distorted by flow. An application of the Eyring rate theory suggests that the viscosity scales as the change in free energy due to this perturbation F multiplied by the time required for the perturbation to relax τ , i.e., η ∼ τ F. The viscosity depends on the microstructure, via the change in free energy. Since the microstructural perturbation is the same in both the fixed-force and fixed-velocity cases in the direct-collision limit, only the relaxation time differs between the two modes. Because the thermal motion of the probe particle is "frozen" in the fixed-velocity case, the perturbation relaxes half as fast as in the fixed-force case. Hence the contribution of the particle-phase to the viscosity differs by a factor of two between F and V. For this same reason, and regardless of how far the particles are driven from equilibrium, when λ → ∞, this factor of two difference persists.
However, when the particles interact hydrodynamically (finite λ), marked microstructural differences appear. We showed that F and V microstructural perturbations satisfy different Smoluchowski equations, producing small qualitative differences in the perturbed microstructure. Thus, if one uses the same simple rate theory, the free-energy change differs between the two modes due to these microstructural differences. The consequence is that the particle-phase contribution to the effective viscosity measured by the fixed-velocity mode is less than twice that measured by the fixed-force mode.
Despite these quantitative differences and regardless of the strength of hydrodynamic interactions, the same overall qualitative behavior is recovered for the two modes. When hydrodynamic interactions are weak, the dispersion thins with increasing strength of deformation. When hydrodynamic interactions are strong, the dispersion thins and then thickens as the strength of deformation increases. For dilute colloidal dispersions, the fixed-force and fixed-velocity modes measure a particle-phase contribution to the effective viscosity that differs by no more than 100% but no less than 33%. Thus, both fixed-force and fixed-velocity active microrheology are useful qualitative and quantitative tools for interrogating the far from equilibrium flow properties of materials.
